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It has been conjectured that the analog of Sperner’s theorem on non- 
comparable subsets of a set holds for arbitrary geometric lattices, namely, that the 
maximal number of non-comparable elements in a finite geometric lattice is 
max w(k), where w(k) is the number of elements of rank k. It is shown in this 
note that the conjecture is not true in general. A class of geometric lattices, 
each of which is a bond lattice of a finite graph, is constructed in which the 
conjecture fails to hold. 
INTRODUCTION 
A theorem of Sperner [1] states that max, (3 is the maximal number of 
non-comparable subsets in a set of IZ elements. The analogous theorem for 
finite projective geometries asserts that the maximal number of non- 
comparable subspaces is max, w(k), where ~$2) is the number of subspaces 
of dimension k. This theorem has been proved by Harper [2]. Since the 
lattices of subsets of a set and the lattice of subspaces of a projective space 
are examples of geometric lattices, it has been conjectured by Rota that 
the analog of Sperner’s theorem holds in any geometric lattice, namely, 
that the maxima1 number of noncomparable elements in a finite geometric 
lattice L is maxlc up(k), where w(k) is the number of elements of rank k in 
L. It follows from a result of Baker [3] that the conjecture holds for all 
geometric lattices in which the number of covering elements is constant 
for elements of a given rank and dually. 
It will be shown in this note that the conjecture is not true in general. 
In fact, we shall construct a class of geometric lattices each of which is a 
bond lattice of a finite graph, in which the conjecture fails to hold. The 
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lattice of smallest order which is so constructed and which contradicts the 
conjecture contains 60,073 elements. 
This class of geometric lattices also exhibits another unusual property. 
For each n, there is a bond lattice of dimension ?z in the class such that, by 
removing a single point, another geometric lattice is obtained which is aIso 
the bond lattice of a graph. In particular, for each n there exist two bond 
lattices of dimension n which have isomorphic structure above rank 1 
but which are not isomorphic. This contrasts with the theorem of 
McLaughlin [4, Theorem 1.31 that the partially ordered set of points and 
dual points in a geometric lattice completely characterizes the lattice. 
THE COUNTEREXAMPLES 
Let G be a finite graph with no trivial cycles and no double edges. 
A subset E of the set of edges of G is closed if it contains every edge whose 
vertices are joined by a path formed from the edges of E. It is well known 
that the closed subsets form a geometric lattice (i.e., a semimodular point 
lattice) L(G) in which the points correspond to the signleton sets formed 
from the edges of G. 
Consider the graph G, shown in Figure 1. Let p0 = ((a, b)) be the point 
FIGURE 1 
of L(G,) corresponding to the edge (a, b). If A is a closed subset of E(G,) 
containing the edge (a, b), then, for each i, A either contains both of the 
edges (a, i) and (b, i) or neither. Thus A is determined by the subset 
A* = (i 1 (a, i), (b, i) E A). 
It follows that the quotient lattice I/& of L(G,J is isomorphic to 3,) 
the Boolean algebra of all subsets of (I, 2,..., n>. Thus the rank of A in 
L(G,) is one more than the number of elements in A*. Next let B be a 
closed subset not containing (a, b). Then, for each i, B can contain at most 
one of the two edges (a, i) and (b, i). Thus B is determined by the subset 
B* = {i / either (a, i) E B or (b, i) E Bf 
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and a choice function which for each i E B* selects one of the two edges 
(a, i), (b, i). The rank of B in L(G,J is clearly equal to the number of 
elements in B*. 
It follows from the observations of the previous paragraph that the 
number w(k) of elements of rank k in L(G,) is given by 
w(k) = 2’ (;) + (k : l). 
It is easily verified that the sequence w(k) is unimodal and that the value 
of k for which w(k) reaches its maximum is approximately 2n/3. Since I/p,, 
is isomorphic to B,, , the rank having the most elements containing p. is 
approximately n/2. 
Now let L. be an arbitrary finite geometric lattice. Furthermore let w(k) 
denote the number of elements of rank k in L and, if p is a point of L, 
let w,(k) denote the number of elements of rank k in L which lie above p. 
Finally let I be such that w(l) = maxk w(k). 
In order to produce a counterexample to the analog of Sperner’s 
theorem it suffices to find a geometric lattice L and a point p such that 
w,(Z - 1) > w,(l). For let Tl denote the set of elements of rank I which 
do not lie above p and let S,-, be the elements of rank I - 1 which lie 
above p. Then Tl u S,-, is clearly a non-comparable subset of L and 
I Tz u Sz-I I = I Tz I + I &-I I 
= w(l) - w,(Z) + w,(Z - 1) > w(Z) = m;x w(k). 
Now, for L(G,J, 1 is approximately 2/3n. Since the rank at which the 
maximum number of elements containing p. occurs is approximately n/2, 
it follows that, for large n, wsO(l - 1) > w,~(/) and hence the geometric 
lattices L(G,J furnish counterexamples for all large n. In particular, for 
n= 10,1=7,wehave 
w,,(6) = 252 > 210 = w,,(7) 
and L(G,,) is a counterexample. The order of L(G,,) is 60,073. 
SUBLATTICES OF L(G,J 
Let G,’ denote the graph G, with the edge (a, b) deleted (Figure 2). 
If A’ is a closed subset of G,‘, then A’ may be viewed as a subset of G, . 
The closure of A’ in G, provides a natural mapping of L(G,‘) into L(G,). 
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FIGURE 2 
Since a closed subset of G, containing any two of (a, b), (a, i), (b, i) must 
also contain the third, it is easily seen that the mapping of L(G,‘) into 
L(G,) is injective and the image set is L(G,) - {(a, b)}. Thus L(G,‘) is 
isomorphic to the lattice L(G,J with the point ((a, b)} deleted and hence 
L(G,) and L(G,‘) are not isomorphic. On the other hand &(G,) N L,(G,‘), 
where &(G,) and L,(G,‘) denote the partially ordered sets of elements of 
rank 3 2 in L(G,J and L(G,‘) respectively. 
It is interesting to note that the graphs G, are the only graphs whose 
bond lattices have this property. 
REFERENCES 
1. E. SPERNER, Ein Satz tiber Untermengen einer endlichen Menge, Math. Z. 27 (1928), 
544-548. 
2. L. H. HARPER, The Morphology of Geometric Lattices (to appear). 
3. K. A. BAKER, A Generalization of Sperner’s Lemma (to appear). 
4. J. E. MCLAUGHLW, Structure Theorems for Relatively Complemented Lattices, 
Pacific J. Math. 3 (1953), 197-208. 
